Abstract. In this paper, we consider a one-dimensional porous thermoelasticity system of type III with a viscoelastic damping acting on one of the equations. We establish a general decay result for the case of equal as well as different speeds of wave propagation.
INTRODUCTION
In this paper, we consider the following system q 1 u tt À kðu x þ wÞ x þ h x ¼ 0 x 2 ð0; 1Þ; t > 0; q 2 w tt À aw xx þ kðu x þ wÞ À h þ Z t 0 gðt À sÞw xx ðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0 q 3 h tt À jh xx À dh xxt þ bu xtt þ bw tt ¼ 0; x 2 ð0; 1Þ; t > 0 uðx; 0Þ ¼ u 0 ðxÞ; u t ðx; 0Þ ¼ u 1 ðxÞ; wðx; 0Þ ¼ w 0 ðxÞ; w t ðx; 0Þ ¼ w 1 ðxÞ; x 2 ð0; 1Þ hðx; 0Þ ¼ h 0 ðxÞ; h t ðx; 0Þ ¼ h 1 ðxÞ; x 2 ð0; 1Þ uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ hð0; tÞ ¼ hð1; tÞ ¼ 0; t P 0
ð1:1Þ
where u(x,t) is the longitudinal displacement, w(x,t) is the volume fraction, h(x,t) is the difference in temperature, the relaxation function g is positive and decreasing, the coefficients q 1 ,q 2 ,q 3 ,k,a,j,d,b are positive constants. This is a porous-thermoelastic system of type III with the presence of a viscoelastic damping supplemented by initial data u 0 ,u 1 ,w 0 ,w 1 ,h 0 , h 1 .
The investigation of the asymptotic behavior of porous elastic problems has attracted lots of interest from researchers ever since Goodman and Cowin [4] first proposed an extension of the classical elasticity theory to porous media by introducing the concept of a continuum theory of granular materials with interstitial voids into the theory of elastic solids with voids. In addition to the usual elastic effects, the materials with voids possess a microstructure with the property that the mass at each point is obtained as the product of the mass density of the material matrix by the volume fraction. This latter idea was introduced in the pioneered work of Nunziato and Cowin [20] in 1979 when they developed a nonlinear theory of elastic materials with voids. Later, Ies ßan [5] [6] [7] [8] added the temperature as well as the microtemperature elements to the theory. The importance of such materials could not be over-emphasized as it has resulted in the huge number of papers published in different fields of human endeavors most importantly, in petroleum industry, material science, biology and others.
The one-dimensional porous-elastic model has the form qu tt ¼ lu xx þ bu x ; qju tt ¼ au xx À bu x À su t À au; ð1:2Þ
where u is the longitudinal displacement, u is the volume fraction, q > 0 is the mass density, j > 0 is the equilibrated inertia and l,a,s,a are the constitutive constants which are positive and satisfy la > b
2
. Since this type of material has both macroscopic and microscopic structures, scientists have investigated the coupling and its strength as well as the long-time behavior of solution, using dissipation mechanisms at the microscopic and/or macroscopic levels. Many papers have appeared, where the authors tried to determine the type, as well as the rate of decay. The analysis of the time decay for this class of materials was started by Quintanilla [23] when he considered (1.2) with initial and mixed boundary conditions and showed that the damping in the porous equation (Àsu t ) is not strong enough to obtain an exponential decay but only a slow decay. To improve this decay, several other damping mechanisms were considered, see for example, [13, 14, 19, 22] .
For the porous case in classical thermoelasticity, we mention the following sample model which was developed by [1, 23] ,
; LÞ; t > 0; ch t ¼ kh xx À bu xt À mv t ; x 2 ð0; LÞ; t > 0 uð0; tÞ ¼ uðL; tÞ ¼ v x ð0; tÞ ¼ v x ðL; tÞ ¼ h x ð0; tÞ ¼ h x ðL; tÞ ¼ 0; t > 0
ð1:3Þ
where t denotes the time variable and x is the space variable, the functions u and v are the displacements of the solid elastic material, the function h is the temperature difference. The coefficients q,l,J,a,n,s,c and k are positive constants. Casas and Quintanilla [1] considered the above system and used the semigroup theory and the method developed by Liu and Zheng [10] to establish the exponential decay of the solutions. Later, with s = 0 (absent of porous dissipation), the same author [2] showed that the heat effect alone is not strong enough to bring about an exponential decay but only a slow decay could be established. However, the heat effect together with microtemperature produced exponential decay results. Similarly, when s = 0 and cu xxt (viscoelastic dissipation) is added to the first equation in (1.3), Pamplona et al [21] proved that the system lacks exponential stability but by taking some regular initial data a polynomial stability is obtained. Also, for s = 0, Soufyane et al [25] 
gðt À sÞv xx ðsÞds; x 2 ð0; LÞ; t > 0 h t ¼ h xx À u xt À v t ; x 2 ð0; LÞ; t > 0
ð1:4Þ
with some initial and Dirichlet boundary conditions and g is a positive nonincreasing function. He used multiplier techniques to establish exponential and polynomial stability results depending on the relaxation function g. Recently, Messaoudi and Fareh [16, 17] considered
gðt À sÞw xx ðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0 q 3 h t À jh xx þ u xt þ w t ¼ 0; x 2 ð0; 1Þ; t > 0 uðx; 0Þ ¼ u 0 ðxÞ; u t ðx; 0Þ ¼ u 1 ðxÞ; wðx; 0Þ ¼ w 0 ðxÞ; w t ðx; 0Þ ¼ w 1 ðxÞ; x 2 ð0; 1Þ; uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ 0; t P 0 ð1:5Þ where q 1 ,q 2 ,q 3 ,k,a,j are positive constants and g is a non-negative nonincreasing function. They established some general decay results for the solutions in the case of equal wave speeds
as well as for different speeds of wave propagation
For porous systems in nonclassical thermoelasticity, Magan˜a and Quintanilla [12] investigated the asymptotic behavior of the solutions of the following one-dimensional generalized porous-thermo-elasticity problem
; pÞ; t > 0 hh tt ¼ kh xx À bu xt À m/ t À dh t ; x 2 ð0; pÞ; t > 0 ð1:6Þ associated with some initial and mixed boundary conditions. They proved that, generically, the thermal damping (s = 0) is not sufficiently strong to guarantee the exponential decay of solutions. But when the porous dissipation (s > 0) is also present the solutions decay exponentially. The arguments they used to prove the slow decay only work on a particular class of boundary conditions. However, for exponential decay of the solutions, the boundary conditions could be extended to other classes of boundary conditions. Leseduarte et al [9] investigated the asymptotic behavior of solutions of the linear theory of thermo-porous-elasticity when the only dissipation mechanism is the porous dissipation. That is, they considered and showed that when the parameters m and b do not vanish, the decay of solutions is controlled by a negative exponential. However, the decay is not fast enough to allow a solution different from the null solution to vanish in a finite period of time. Whereas, if one of the parameters m or b vanishes, the decay of solutions is slow in the sense that it cannot be controlled by a negative exponential (generically).
In this paper, we investigate system (1.1) and establish a general decay result for the case of equal as well as different speeds of wave propagation. We should mention here that, to the best of our knowledge, there is no result concerning porous thermoelasticity systems of type III with the presence of a viscoelastic damping in the second equation. The rest of our paper is organized as follows. In Section 2, we introduce some transformations and assumptions needed in our work. We state and prove some technical lemmas in Section 3. The statements with proof for the case of equal and different speeds of wave propagation will be given in last section.
ASSUMPTIONS AND TRANSFORMATIONS
In this section, we present some materials needed in the proof of our results. In addition, we state without proof a global existence result. Throughout this paper, c is used to denote a generic positive constant. For the relaxation function g, we assume the following:
(A 2 ) There exists a positive nonincreasing differentiable function n : where v(x) is the solution of
vð0Þ ¼ vð1Þ ¼ 0:
A simple integration of the third equation in (1.1) with respect to t taking into account (2.1) and (2.2) transforms (1.1) into
; 1Þ; t > 0 uðx; 0Þ ¼ u 0 ðxÞ; u t ðx; 0Þ ¼ u 1 ðxÞ; wðx; 0Þ ¼ w 0 ðxÞ; w t ðx; 0Þ ¼ w 1 ðxÞ; x 2 ð0; 1Þ; uðx; 0Þ ¼ u 0 ðxÞ; u t ðx; 0Þ ¼ u 1 ðxÞ; x 2 ð0; 1Þ; uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ uð0; tÞ ¼ uð1; tÞ ¼ 0; t P 0:
ð2:3Þ
The well-posedness of (2.3) is stated in the following proposition. 
Moreover, if
then the solution satisfies
Remark 2.3. Proposition 2.2 can be established using standard methods such as the Galerkin method (see [3] for example).
The first-order energy associated with problem (2.3) is given as
EðtÞ ¼ E 1 ðu; w; uÞ
ð2:4Þ
where
gðt À sÞðvðx; tÞ À vðx; sÞÞ 2 dsdx; 8v 2 L 2 ð0; 1Þ:
TECHNICAL LEMMAS
In this section, we establish several lemmas needed to prove our main result.
Lemma 3.1. Let (u,w,u) be the solution of (2.3). Then the energy functional E, defined by (2.4) satisfies
Proof. Multiplying the first equation of (2.3) by bu t , the second by bw t , and the third by u t , integrating over (0,1), using integration by parts and the boundary conditions, then summing up, we obtain
The last term in the left-hand side of (3.2) gives 
Proof. Direct computations, using the first and the second equations in (2.3), yields
By using Young's and Poincare´'s inequalities, we get, for e 1 > 0,
The fifth term in the right-hand side of (3.5) gives
By Poincare´'s inequality, we obtain
By using the fact that (a + b) 2 6 2a 2 + 2b 2 and the Cauchy-Schwarz inequality, we estimate the last term in the right-hand side of (3.5) as follows 
Proof. Taking the derivative of F 2 (t) and using the second equation in (2.3), it easily follows that
where we have used integration by parts and the boundary conditions in (2.3). By using Young's inequality, we obtain for any e 2 > 0, ð3:12Þ
The substitution of (3.7), (3.10)-(3.12) into (3.9), gives (3.8). h Lemma 3.4. let (u,w,u) be the solution of (2.3). Then the functional
satisfies, for any positive constant e 1 , the estimate
Proof. By differentiating F 3 (t) and using the third equation in (2.3), we obtain
By using Young's and Poincare´'s inequalities, we obtain for any e 1 > 0,
The conclusion of Lemma 3.4 follows courtesy (3.6). h
As in [19] , we introduce the multiplier w which is the solution of Àw xx ¼ w x ; wð0Þ ¼ wð1Þ ¼ 0: ð3:14Þ Lemma 3.5. The solution of (3.14) satisfies
Proof. See [16] . h Remark 3.6. It can easily be shown that the solution of (3.14) is explicitly given as wðx; tÞ ¼ À 
where we have used integration by parts, (3.14) and the boundary conditions in (2.3). By Young's and Poincare´'s inequalities, we get for any e 3 ,e 4 > 0,
By exploiting (A 1 ), (3.11) and Lemma 3.5 we get 
ð3:16Þ
By setting e 4 ¼ l 6
, the conclusion of our proof follows. h Lemma 3.8. Let (u,w,u) be the solution of (2.3). Then, the functional
Proof. By using Eq. (2.3) and integrating by parts, we get
By using Young's and Poincare´'s inequalities, (3.11), (3.12) and the properties of g, (3.17) is established. h
In consideration of the boundary terms that appear in (3.17), we define, as in [18] , the function mðxÞ ¼ 2 À 4x;
x 2 ½0; 1:
Consequently, we have the following result:
Lemma 3.9. Let (u,w,u) be the solution of (2.3). Then, for any positive constant e 1 , the functional
ð3:18Þ
Proof. By using Eq. (2.3) and integrating by parts, we get 
ð3:23Þ
ð3:25Þ
ð3:26Þ
ð3:27Þ 
GENERAL STABILITY RESULT
In this section, which is subdivided into two parts, we state and prove our main results.
Equal speed of propagation
In this subsection, we state and prove a general stability result in the case of equal wave-speed propagation.
ð4:1Þ
Next, we define a Lyapunov functional L equivalent to the first-order energy functional E. For positive constants; N,N 1 , N 2 , to be chosen appropriately later, we let Proof. Let
By using Young's and Poincare´'s inequalities, 3.6, 3.7, 3.10, 3.25 and Lemma 3.5, we obtain jLðtÞj 6 c
Consequently, , we obtain
Since g is continuous, positive and g(0) > 0, then for any t 0 > 0, we have
Next, we choose e 1 small enough such that
and then N 2 large enough that
We then select e 3 so small that
Next, we pick N 1 large enough such that
Finally, we choose N large enough such that (4.3) remains valid and
Consequently, by using Poincare´'s inequality and (2.4), we obtain L 0 ðtÞ 6 Àk 0 EðtÞ þ cg w x ; 8t P t 0 ; ð4:6Þ
where k 0 positive constant. By multiplying (4.6) by n (t) and using (A 2 ) and (3.1), we arrive at nðtÞL 0 ðtÞ 6 Àk 0 nðtÞEðtÞ À cE 0 ðtÞ; 8t P t 0 ;
which can be rewritten as ½nðtÞLðtÞ þ cEðtÞ 0 À n 0 ðtÞLðtÞ 6 Àk 0 nðtÞEðtÞ; 8t P t 0 :
Using the fact that n 0 (t) 6 0, we have ðnðtÞLðtÞ þ cEðtÞÞ 0 6 Àk 0 nðtÞEðtÞ; 8t P t 0 :
By exploiting (4.3), it can easily be shown that RðtÞ ¼ nðtÞLðtÞ þ cEðtÞ $ EðtÞ: ð4:7Þ
Consequently, for some positive constant c 1 , we obtain R 0 ðtÞ 6 Àc 1 nðtÞRðtÞ; 8t P t 0 : ð4:8Þ
A simple integration of (4.8) over (t 0 ,t) leads to 
Nonequal speed propagation
In this subsection, we treat the case of different wave-speed propagation. In this regard, we establish a general decay result which depends on the asymptotic behavior of g and the regularity of the initial data.
The main theorem in this subsection is: to get the system
gðt À sÞw xxt ðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0 Then, using the fact that b 2 gðtÞ
dx P 0; 8t P 0; ð4:16Þ
and following the same approach in [17] , we obtain (4.14)
Lemma 4.7. Let (u,w,u) be the strong solution of (2.3), then "t P t 0 , we have By using Young's inequality, the last term in (4.19) gives which is the conclusion of Theorem 4.5.
